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Abstract

The Schwinger representation and the Marumori—Yamamura—Tokunaga boson
expansion are used to describe the Lipkin model in terms of generalized
coherent states. The groundstate, first excited state and RPA energies are
obtained within several variant types of coherent states. It has been found that
generalized coherent states defined in consonance with the parity symmetry
of the model describe particularly well the transition from weak to strong
coupling, providing a remarkable improvement of the mean-field description
of the transition zone.

PACS number: 02.20.Sv

1. Introduction

The Lipkin model was originally proposed by Lipkin, Meshkov and Glick [1] and has been
widely used to test several kinds of many-body theories of strongly interacting fermion systems,
as, for instance, the Hartree—Fock (HF) and the time-dependent Hartree—Fock (TDHF) methods
[2, 3], collective dynamics of many-fermion systems [4, 5], phase transitions and symmetry
breaking [6], statistical mechanics of quantum spin systems [7], spin tunnel effect [8], Bose—
Einstein condensation [9], quantum entanglement [10], etc. The important issue of the
thermodynamic limit of this model has been discussed in [11]. It is defined as a two-levels
system in a fixed shell-model potential, the levels having the same j value, one of the levels
being just below and the other just above the Fermi energy. Here, j denotes the single-particle
total angular momentum, arising from coupling the orbital angular momentum / with the spin
angular momentum s = 1/2. In the reference state, relative to which elementary excitations
are referred and correlations are assessed, the lower level is filled with 2j + 1 fermions and
the upper level is empty. Each magnetic quantum number m, —j < m < j, is occupied either
in the lower level or in the upper level, so that fermions jump, to and from, between the two
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Exact energies, Q=6
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Figure 1. Exact results, showing the energy spectrum as function of the strength g. Notice that, as
g increases, the second level approaches the first one and the fourth level approaches the third one.
This is a manifestation of the tunnel effect associated with the phase transition. The line E = 0 is
one of the curves.

levels, preserving the m value. The Lipkin model is a su(2) algebraic model, which means
that its Hamiltonian is expressed in terms of the generators of the su(2) algebra realized as
appropriate bilinear forms of fermion annihilation and creation operators, a structure which
renders the model amenable to an exact treatment and makes it suitable to test theories and
approximation methods. The model and some of its applications are reviewed in [6, 12]. A
typical spectrum of the Lipkin model Hamiltonian is represented in figure 1 as a function of
the coupling constant, showing a clear manifestation of the phase transition exhibited by the
model.

A mapping, defined in the framework of the Marumori—Yamamura—Tokunaga (MYT)
boson expansion [13], from a ‘physical’ boson space onto a ‘model’ boson space, was proposed
in [14] to describe multi-phonon processes. The same kind of mapping was used in [15] to
study the Lipkin model expressed in the Schwinger realization of the su(2) algebra. In
particular, a multi-boson coherent state suitable to be used as a trial function in the time-
dependent variational method was introduced. The new coherent state has the form of the
extended coherent states discussed in [16].

In [17], the ground-state energy and the time evolution of large amplitude collective
motion of the Lipkin model have been investigated in the framework of generalized coherent
states. In the present paper we test the Glauber coherent state and its projections on subspaces
characterized by specific eigenvalues of conserved observables, focusing on the groundstate,
first excited state and the so-called random phase approximation (RPA) energies. In the mean-
field approximation this model exhibits a second-order phase transition from a weak-coupling
regime to a strong-coupling regime. We find that the trial states considered, especially the
variational states defined in the eigenspace of the Casimir operator, in consonance with the
parity symmetry of the model, reproduce very well the behaviour of the transition region from
the weak to the strong coupling regimes.

The ground-state energy of the Lipkin model was recently obtained by Tsue, Azuma,
Kuriyama and Yamamura only by use of the quasi-spin coherent sate [18].

2. The Lipkin model and the Schwinger realization of the su(2) algebra

We consider the Lipkin model, equivalently defined by the Hamiltonian
H=Ty+g(T}+T?), 1)
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where Ty, T,, T— are generators of the su(2) algebra and the coupling constant g is real and
positive. In terms of boson operators at,a, b, b, obeying the relations [a, a'l=1[b,0b11=1,
la,b'] = [b,a']l = [a,b] = [b',a’] = 0, the following representation, the so-called
Schwinger realization of the su(2) algebra, holds:

To = 1(a'a —b'b), T, = a'b, T =bla.

The operator

C = 1a'a+b'b)

commutes with all the elements of the algebra. It plays the role of the Casimir operator,
to which it is obviously related. Its eigenvalues 2 represent half the value of the common
degeneracy of the lower and upper levels, and of the number of fermions in the model. The
Schwinger realization of the Lipkin model is considered in the following development.

2.1. Glauber coherent state

The Glauber coherent state may be expressed as

|®) = exp(ua’ +vb)|0). )
Then we have

(P Ds) = exp(|ul® +|v]),

(PG| To| D) = 3(Iul” — V) (Ps|Pa),

(PG| T + T2 Dg) = (W +v2u?) (6| D).
Minimization of the expectation value of the Hamiltonian

<®G|H|¢G) 1 2 2 2 2
H=———=z(ul" = ") +g((u*v)" + (v 1))
(P | D) 2

under the constraint

dglata +b'b|D
(Dgla'a | G>=M*M+U*U=2Q,

(Pg|Pg)
which amounts to imposing average conservation of the Casimir operator, yields Hpin = —2
for g < 1/(4Q), Hmin = —(16g2Q% + 1)/(8g) for g > 1/(42). We remark that in the

deformed region the minimum is degenerated, i.e., if g, Vo minimizes H, so does — g, Vo.
This means that the potential energy has a double minimum, which is the source of the tunnel
effect investigated in [8].

It is well known that the time evolution of an arbitrary quantal wave packet |c) is
determined by the following variational principle [3]:

8/2Ldt=0, 3)
L H 4
= el le) = (el Hle) @)

where H denotes the Hamiltonian operator of the system under consideration. For a system
of fermions, |c) may be approximated by a Slater determinant and then (3) and (4) lead to the
familiar TDHF equations [3]. The so-called Berry phase is nothing else than the first term on
the right hand side of equation (4), B = i{c|d/dt|c).
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If we approximately restrict the dynamics of our system, namely the Lipkin model, to
a Glauber coherent state (2), by an easy computation we easily find that the corresponding
Berry phase reads

(P6|P6) — (P6| Do) | P o
B=— = —— (i — i+ vy — vry).
(Do Do) WA T B VT =)

Itis clear that the previous result involves taking correctly into account the lack of normalization
of the state (2). A total derivative without consequences has also been neglected.

For 6 = 2(arg u — argv) and [w?] + [v]® = 29, the Lagrangian, in the deformed region,
reduces to

L= —30Iul® — |ul* — 2g|1ul* (22 — |u|?) cos b,

which allows us to easily obtain the RPA frequency
1
=+/2(16g2Q2 — 1 f > —.
w (16g ) or 8275
In the non-deformed region, the dynamics is conveniently described by the quadratic
Lagrangian

1
LY = =2y = vy = 2ry" =4y (y + v, 5)
where, |y| = |1|/+/2, arg y = 2(arg u — arg v). This leads to the RPA frequency
w=2y1-16g2Q? for géi.
4Q

In this connection, we wish to observe that the quadratic Lagrangian (5) is not completely free
from ambiguity. An alternative choice with arg y = (arg u — argv) is possible, which would
lead to an RPA frequency with half the previous value.

3. Projection of Glauber coherent states

As it has been observed in the introduction, the Lipkin Model has been used to test the
HF and TDHF theories [3] among others. This means describing a many-fermion system
by a Slater determinant (SD) |®) which may be related to a reference SD |®() through an
expression of the form |®) = exp(S)|Pp), where S is an arbitrary one-body operator. In the
case of the Lipkin model, |®g) is taken to be the many-fermion state with all lower level
states occupied and all the upper level states empty, as described in section 1. Without loss
of generality, S may be conveniently restricted to the form § = yT,. Thus, |®y) satisfies
T_| Do) = 0, To| Do) = —Q|Pp). In our boson realization we have |®y) = b12?|0).

The Glauber coherent state (2) is not an eigenstate of the relevant constants of motion.
To compensate for this disadvantage, we are led to consider the projection of the Glauber
coherent state on the eigenspace of the Casimir operator. SD |®), or more precisely its boson
image, is nothing else than that projection. Neglecting the normalization, we may also write

|®) = (na' +vb")**|0) (6)

for the projection of |®) on the eigenspace of the Casimir operator specified by the quantum
number 2. Then, the expectation value of the Hamiltonian reads
<<D|H|(D) M*M_ Vi M*2V2+V*2M2

H= =Q +g2Q02Q - 1H)0——M |
(®[D) w8 ( )(M*M+V*V)2
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and the corresponding Berry phase reads
g (PIP) —(DID) o pt v —
2i(D|P) 2i(p* e + v¥v) '
Minimization of H yields Hpin = —Q for g < 1/(4Q — 2), Hmin = —2(4g7(2Q —
1?2 +1)/(8gQ — 4g) for g > 1/(4Q — 2). We remark that, again, in the deformed region the
minimum is degenerate, i.e., if o, Vo minimizes H, so does — g, vo. This means that, again,
the potential energy has a double minimum.
For p = (u*u —v*v)/(uW*u +v*v), 8 = arg u — argv, we get
H=Qp+Q02Q2— 1g(l — p*) cos26, B=—-Qpb.

We remark that, since —1 < p < 1, this parametrization is useful only in the deformed region,
where Qp, 6 are canonically conjugate variables. The RPA frequency is

_ 1202 _ Py~
w=2(42Q —1)2¢2 — 1) for g>2(2§2—1)'

In the non-deformed region (g < 1/(42 — 2)), the dynamics is described by the quadratic
Lagrangian

i
LY =Sy =y = 2ry" = 2802 = DVyy (v +v"), ™)
where |y | = \/ﬁlu/vl, argy = 2(arg u — argv). The RPA frequency reads
1
=21 -42Q —1)2g2 fi < —.
w=2y/1—4( )2g o &< 5507

In this connection, we wish to observe that the quadratic Lagrangian (7) is not completely free
from ambiguity. An alternative choice with arg y = (arg u — argv) is possible, which would
lead to an RPA frequency with half the previous value. The main change associated with
the replacement of |®) by its projection |®) has been the replacement of the dimensionless
effective coupling constant y = 4gQ by a new coupling constant ' = 2(22 — 1)g in the
expressions for the groundstate and RPA energies.

4. Even—even and odd-odd invariant subspaces

For simplicity, we restrict our discussion to the case of €2 being an integer. The case of Q2
being a half-integer is treated similarly. From the parity symmetry of the Hamiltonian H,
equation (1), it follows that it remains invariant under the canonical transformation a — a,
b — —b. From this invariance, it is seen that the subspaces spanned by the kets

1
2e(p. @)) = ——=—===0a""b"7|0), with p+q=Q, (8)
v (2p)!(2q)!
and by the kets
1
12,(p, @) = alCrOpiCaeD 0y with p+g=Q—1, )

VC2p+DIQ2g + D!
are separately left invariant by H. This invariance is the source of the tunnel effect investigated
in [8, 19] and the origin of the double minimum in the potential energy which has been
mentioned before. In order to thoroughly evaluate its effect we are led to consider the
projections of our trial state on the invariant subspaces with even—even (8) and odd—odd (9)
boson numbers. The projection of |®), equation (6), on the even—even subspace reads
2p 124 412p K129

_ 12
|D,) = 2% T 10), (10)



12462 M Yamamura et al

with p + g = Q. The projection of |®) on the odd—odd subspace reads
2p+1 )20+ 4T Qp+D) i 2g+1)

_ %
@) =23, Qp+ D!Q2g + 1! 10). b

pg
with p+qg = Q — 1. Let
|®,) = (ua’ +vb")*?|0), ) = (na' —vb")*?|0).
Then
|®,) = [P4) + D), [D,) = |Dy) — [P-).

For the even—even sector, the expectation value of the Hamiltonian reads

L @HIB) (v (e — vy
T @0y T v 2 s e — v
0+ v* 2Q—-1 __ * 0, %) 2Q2—1
ey WRTVY) Wh=vvr ™ 00— 1)

(W + v )22 + (u* e — v¥p)2<

(M*ZUZ + V*ZMZ)((M*M + U*U)ZQ—Z + (M*M _ v*v)ZQ—Z)
X

(W* e+ v*0)22 + (U — v¥v)e

s

and the corresponding Berry phase reads

B = — <q>e|d>e> - <d)e|q>e) — 20
‘ 2i(P, | D)

(W 4V — 1 — v v) (U p+v*v + (W — v — g+ v (W —
: 20((u v VP G — v )
For the odd—odd sector, similar expressions hold for the expectation value of the
Hamiltonian

)2971 U*U)2971

(@, |H|D,)

Hy=——— 12
T (D] @) 4

and for the corresponding Berry phase

q)o d)() - q) @

5, = _(®olP0) = (9,19, 03

21D, | D,)
They are presented in the appendix. The dependence of H,, ., H, and B, on the angles
¢ = argu, = argv is very simple. In H, and H, only the factor (u*2v? + v*2u?) =
2|u|?|v|? cos(2(¢ — )) is argument dependent. On the other hand, the Berry phases may be

written as

Be = _Q(d) - l/f)

(sl = P AP + >+ (ul + P (ul? = P!
((pl? + w222+ (Jul* = v
(sl = WP AP + P> = (ul + ) (pl? = >
((pl? + )2 = (pl> = v '
In each one of the above expressions a term of the form Q (¢ + v/)/2 has been omitted, since
it does not contribute to the equations of motion. We are now able to obtain numerical results.
The ground-state energy is estimated by the minimum of H,. The energy difference between
the second excited state and the groundstate is estimated by the RPA frequency associated
with |®,). The energy of the first excited state is estimated by the minimum of H,. The
energy difference between the third and first excited states is estimated by the RPA frequency
associated with |®,).

B, = —Q(¢ — V)
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5. Marumori mapping

Following [14, 15], in this section we apply Marumori’s approach [13] to obtain the boson
representation of the dynamical variables of our system in terms of the relevant degrees of
freedom. Already in [14, 15, 17], it has been shown that coherent states based on this approach
incorporate important correlations of the model and tend to describe well the transition
region. As we have remarked, the even—even subspace spanned by the kets (8) and the
odd—odd subspace spanned by the kets (9) are separately left invariant by the Hamiltonian H,
equation (1). We consider auxiliary bosons c,, d, and their vacuum |0, ), and ¢,, d, and their
vacuum |0,). The auxiliary Hilbert spaces are spanned by the normalized kets

cirdi1)0,), with p+q=Q,

|§e(p7 Q)) = p'q'

1 , .
12.(p, @) = T irdi1)0,), with p+qg=Q—1.

We introduce the mappings

1Se(ps @) = 18e(p,y q)), 15(P, @) = 15(P, q)).

Under these mappings, the boson images of the operators a'?, b2, a'a, bb, ... are easily
obtained. We find for the even—even subspace

a? - \J2(2cle, — 1)el, b - J2(2dld, — 1)d,  ala— 2cle.,  bb— 2404,

and for the odd—odd subspace

a? - \J2(2cke, +1)el, b2 — \J2(2d}d, +1)d}, ala — 2cic,+1, b'b— 2did,+1.

The boson images of the Hamiltonian H and of the state vectors may be easily obtained, if
desired.

5.1. Trial state motivated by the Marumori mapping

We consider trial states which are motivated by the Marumori mapping. For the even—even
sector, we take
wPviat?rpia

v,) = 0). 14
[Te) p,q,(;;,:gz)p!q!\/l'3""’(21’_1)1'3""'(2‘1_1)'> 19

Under the Marumori mapping, this state vector reduces to the ket (,ucz +vd] )Q |0.). This ket
is the projection of a certain Glauber coherent state on a subspace with good eigenvalue of the
Casimir operator, being that the motivation behind the present choice. The expectation value
of the Hamiltonian,
= (U|H|Y,)
S (W)
is readily expressed in terms of the quantities

29 2 2\Q
(W) = (Il + b7,

]

W Th | W —QM TR,
< e| O| e>— |M|2+|V|2< e| e>,
vl Iul*v]*/2p —D(2q + 1)
(WT2+ T2 W,) =2 2% cos(p —¥)— p,, 1,
[ (p — Dlg!

p.q,(p+q=)
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where ¢ = arg i, ¥ = argv. The corresponding Berry phase reads

~ Q [|u? =, . .
e==7 m(fﬁ—l/f)"'(‘f“‘w) .
For the odd—odd sector we take, with Q, = Q — 1,
(1P ve a1 @PHD) g+
[W,) = |0). (15)

p,q’(;q:zgﬂ) plg/3-5-...-Qp+1)3-5-...-2q+1)

Under the Marumori mapping, this state reduces to a very simple expression, namely the ket
(y,cl + vdi)g" |0,). The expectation value of the Hamiltonian,

- W, |H|W
g (WlHIY)
(Wo|Wo)
is readily expressed in terms of the quantities
2% 2 2\Q
(W, W) = QO!(IMI +[v[)™,
W 11w = 2, L g ),
Il + v

) v/ @p+ D2 +3)
(W |T2+ T2 W) =22% cos(@ — )i Y - Dia! |

[

P.q,(p+q=%)

The corresponding Berry phase reads

9 (W— v

2 PP
The appropriate Lagrangians may be easily found. We are now able to obtain numerical
results. The ground-state energy is estimated by the minimum of 7{,. The energy difference
between the second excited state and the groundstate is estimated by the RPA frequency
associated with |W,). The energy of the first excited state is estimated by the minimum of
H,. The energy difference between the third and first excited states is estimated by the RPA
frequency associated with |W,).

<¢—¢>+<¢+¢>).

6. Results and conclusions

In order to compare, in a variational sense, the performance of Glauber coherent states and
some related state vectors, we have computed the groundstate and excitation energies of
the system using those state vectors as trial functions. For different values of the coupling
constant x = 4g€2, and for 2 = 6, we compare, in figure 2, the exact ground-state energy
with the lowest energy obtained with four types of trial states, namely, |®g), |®), |P.) and
|W,) (equations (2), (6), (10) and (14)). In figure 3, we compare the exact energy of the
first excited state with the lowest energy obtained with two variants of trial states, namely,
|®,) and |W¥,) (equations (11) and (15)). In figure 4, we compare the exact energy difference
between the second excited state and the groundstate with the RPA energy obtained with
the help of the trial states |®g), |P), |P.) and |V,.). Indeed, figure 1 suggests that the RPA
frequency should be identified with the energy difference between the second excited state
and the groundstate, at least in the deformed region, since the energy difference between the
first excited state and the groundstate is precisely the level splitting associated with a tunnel
effect [8]. In figure 5, we compare the exact energy difference between the third and the first
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ground state energy, Q=6

Figure 2. The thin continuous line shows the exact result (ground-state energy). The thick short-
dashed line shows the Glauber state result. The thick continuous line corresponds to the projection
|®). The long-dashed line corresponds to the projection |®,). For large enough g, the curves
corresponding to the projections |®) and |®,), seem to merge into a single one. The result for the
improved state |W,) is very close to the exact one and corresponds to the thin short-dashed line.

E/Q 1st excited state energy, Q=6

Figure 3. The thin continuous line shows the exact result (first excited state energy). The long-
dashed line corresponds to the projection |®,). The result for the improved state |W,) almost
coincides with the exact one and is shown by the thick short-dashed line.

excited states with the RPA energy obtained with the help of the trial states |®,) and |\,).
The first conclusion to be drawn is that the Glauber coherent state |®¢), (equation (2)), which
is not an eigenstate of the Casimir operator, gives results which, not being the best ones, are,
already, qualitatively acceptable. The Casimir operator is only conserved in the average by
this state. It is clearly seen from figure 2 that the Glauber coherent state leads, for large
values of the coupling constant, to energy values lying below the exact ground-state energy.
This is not surprising, since this state contains components outside the physical subspace,
characterized by a specific eigenvalue of the Casimir operator, and some of the eigenvalues
of the hamiltonian H, equation (1), extended to the full Hilbert space lie below the lowest
eigenvalue associated with the physical subspace. It should be said, however, that |®g) is
quite reasonable up to the transition region and above that region, but not so good around it.
Moreover, the performance of |®) becomes increasingly better as €2, the eigenvalue of the
Casimir operator, is gradually increased. We will discuss more thoroughly the performance of
conserving states which are eigenstates of the Casimir operator, namely |®), |®,), |D,), |V, )
and |W,), (equations (6), (10), (11), (14) and (15)). Several conclusions may be drawn as
follows:
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® excitation energy, even-even subspace, Q=6

1 2 3 1 499

Figure 4. RPA frequencies (excitation energies). The thin continuous line shows the exact result
(difference between second excited state and ground-state energies). The thick short-dashed line
shows the Glauber state result. The thick continuous line corresponds to the projection |®). The
long-dashed line corresponds to the projection |®,). The result for the improved state |V, ), shown
by the thin-dashed line, is very close to the exact one.

® excitation energy, odd-odd space, Q=6
5
4.5
4 Vi
P
7
3.5 s
3 /
s
R
2.5 e
-
Z -
1 2 3 § 499

Figure 5. RPA frequencies (excitation energies). The thin continuous line shows the exact result
(difference between third and first excited state energies). The long-dashed line corresponds to the
projection |®,). The result for the improved state |W,), shown by the thick short-dashed line, is
very close to the exact one.

o A slight improvement of the description of the ground-state energy is obtained when the
Glauber coherent state |®g) is replaced by its projection |®) on the eigenspace of the
Casimir operator characterized by the eigenvalue 2. However, the RPA frequency is still
poorly described, especially in the transition region. The bad performance of |®s) and
|®) around the transition region is a manifestation of the well-known fact that quantum
fluctuations are there very large and play an important role.

e The projection |®,) of |®) on the invariant even—even subspace provides an improved
description of the ground-state energy. The RPA associated with |®,) provides also
an improved description of the excitation energy, understood as the energy difference
between the second excited state and the groundstate.

e The projection |®,) of |®) on the invariant odd—odd subspace provides a good description
of the energy of the first excited state. The RPA associated with |®,) provides also a good
description of the energy difference between the third and the first excited states.
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e Next we have considered trial states which have, as their images under the Marumori

mapping, projections of certain Glauber coherent states with good eigenvalues of the
Casimir operator. The state |\W,), belonging to the even—even subspace, provides an
excellent description of the ground-state energy. The RPA associated with |\, ) provides
also an excellent description of the energy difference between the second excited state
and the ground-state. It is remarkable that quantum fluctuations which are very large and
play an important role around the transition region, are well described by the ket |\, ).
The state |W,), belonging to the odd—odd invariant subspace, provides an excellent
description of the energy of the first excited state. The RPA associated with |W,) provides
also an excellent description of the energy difference between the third and the first excited
states.

In the present work we have verified that generalized coherent states defined in consonance

with the parity symmetry of the model describe particularly well the transition from weak to
strong coupling. In order to extend the method to more realistic situations we should first test
its strength in describing a transition to a deformed phase with a broken continuous symmetry.
A possible candidate is the su(3) Lipkin model which has been recently studied within several
approximations [20-23].
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Appendix

For the odd—odd sector, the expectation value of the Hamiltonian reads

o0 —

(P, |H|P,) i ) e (o T ) S
= = Qu'p pTo) P
ol¥o wrp+ vty - =v

(@ D) (* V) (e V)
oyt (/L*/'L + 1)*1))2971 + (M*M _ V*U)mq
— VY

(W +v*0)22 — (u*p — v¥p)e

(M*2V2 + V*ZMZ)((M*M + U*V)ZQ—Z _ (/’L*M _ v*v)29—2)

(W*p +v*0)22 — (u*p — v*v)292

+2Q02Q — g

3

and the Berry phase reads

B, =

_ <(D0|<b'0> - (d)t)l@o) - 90
21( P, | Py)

)2(271 )2971

— (W =V — a0 ) (e — vy

(W4 v — 1 —v*v) (W p+v*v
X

2i((u* g +v*0)22 — (u*p — v*v)*)
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